Hyperfine structures of the triplet n 3 S−states in the four-electron Be-atom(s) and Be-like ions are considered. It is shown that to determine the hyperfine structure splitting in such atomic systems one needs to know the triplet electron density at the central atomic nucleus ρ T (0). We have developed the procedure which allows allows one to determine such an electron density ρ T (0) for arbitrary four-electron atoms and ions. PACS number(s): 31.30. Gs, 31.15.vj and 32.15.Fn 
I. INTRODUCTION
In this communication we develop the new ab-initio method which can be applied for accurate evaluation of the hyperfine structure splittings in the triplet 3 S−states of the fourelectron atoms and/or ions. As follows from experiments such triplet S(L = 0)−states have an interesting hyperfine structure. For simplicity, let us consider, the triplet 2 3 S−state of the four-electron beryllium atom(s) ( 7 Be, 9 Be and ∞ Be). In general, if F is the total electron-nuclear spin of the 2 3 S−state of an atom and I N is the spin of atomic nucleus (Be) and I N ≥ 1, then in experiments one can observe splitting of this state into a triplet of states.
The total spin of these states equals . This method can also be used to determine the hyperfine structure splitting for an arbitrary bound (triplet) n 3 S−states in four-electron atoms and ions. This includes the triplet 2 3 S−state of the four-electron
Be atoms (different isotopes). Our analyisis of the hyperfine structure of the four-electron atoms and ions is based on the generalization of the method developed earlier by Fermi [1] for the doublet n 2 S−states of three-electron Li-atom(s) and Li-like ions (see also [2] ).
First, we need to introduce the triplet electron density in a few-electron atom/ion. Formally, the triplet electron density is the spatial two-electron density distribution of the two atomic electrons which form one triplet pair. If we have a number of such pairs in atom/ion, then we need take into account all triplet electron pairs. Singlet electron pairs do not contribute to the triplet electron density. In reality, for accurate evaluations of the hyperfine structure splitting in the triplet states of four-electron atoms/ions one needs to know the triplet electron density at the central atomic nucleus which has non-zero electric charge Qe.
The general definition of the electron density at the central atomic nucleus is written in
, where i is the electron's index, while index A means the central atomic nucleus. For instance, for the singlet ground 1 1 S−state in the two-electron helium atom one finds ρ S (0) ≈ 1.8104293185013928, while for the triplet 2 3 S−state of the helium-3 atom we have ρ T (0) ≈ 1.31963500836957 [3] . The last numerical value leads to the following hyperfine structure splitting in the 2 3 S−state of the 3 He atom: ∆E hss = 6740.452154 MHz [3] (see also [4] ). The corresponding experimental value is ∆E hss = 6739.701171(16) MHz [5] .
However, such a definition of the electron density cannot be used for the triplet states in atoms/ions, if the total number of bound electrons exceeds two. The reason is obvious, since all atoms/ions with more than two bound electrons always have the shell electronic structure. This means that the internal electrons form a number of closed electron shells which have zero spin, i.e. singlet electron shells. The electrons from the outer-most shell(s)
can interact with the nuclear spin I N , its numerical value it differs from zero. In general, this leads to the appearance of the hyperfine structure splitting in atoms and ions, if the total spin of outer-most electrons exceeds zero. This leads to the appearance of the hyperfine structure splitting in N e −electron atoms and ions, where N e ≥ 3. It is clear that in actual atoms and ions we have small interactions between electrons from internal and outermost electron shells, e.g., electronic correlations, spin-spin interactions, etc. As follows from this picture the analysis and numerical computations of the hyperfine structure splitting are significantly more complicated than for the two-electron helium atom. In the lowest-order approximation we need to define the triplet electron density at the atomic nucleus must be given in a different manner. An alternative definition of the triplet electron density at the atomic nucleus (A) can be written in the form (see, e.g., [1] , [2] , [6] )
where δ(r iA ) is the electron-nucleus delta-function (the symbol A designates the atomic nucleus) and (σ z ) i is the σ z matrix of the i-th atomic electron, i.e. (σ z ) i α(i) = α(i) and [7] , [8] ). In Eq.(1) and everywhere below we assume that the wave function of the bound 2 3 S−state of the four-electron atom/ion has unit norm. As of the hyperfine structure splittings (see, e.g., [2] ) which are in good agreement with the known experimental values [9] .
By using this definition of the triplet electron density at the atomic nucleus, Eq.(1), we can write the following formula (Fermi-Segré formula (see, e.g., [7] )) for the hyperfine structure splitting of the 2 3 S−states in the Be atom (see, e.g., [7] )
where S e is the total electron spin of the atom, I N is the spin of the nucleus in those isotopes of the Be atom(s) for which | I N | = 0 and F is the total angular momentum operator F = L + S = S e + I N of the four-electron atom/ion. For the triplet S−states in the four-electron atoms/ions the vector-operator F = S e + I N can be considered as the total spin of the atom, i.e. the sum of the electron and nuclear spins. Also, in this formula
) is the dimensionless fine structure constant, µ B is the Bohr . Finally, the formula for the hyperfine structure splitting ∆E hf in the 2 3 S−state of the four-electron 7 Be and 9 Be atoms takes the form
where the factor 6.579 683 920 61·10 9 (MHz/a.u.) has been used to re-calculate the ∆E hf energy from atomic units to MegaHertz. The Fermi-Segré formula, Eq.(2) and Eq. (3), is correct for all S−bound triplet states in the four-electron Be-atom(s) and Be-like ions. The same formula is applied to other four-electron atoms and ions which can be found in the bound triplet S−states. As follows from Eq.(3) in order to determine the numerical value of the hyperfine structure splitting ∆E hf (MHz) one needs to evaluate the electron triplet density at the atomic nucleus ρ T (0). Accurate numerical evaluation of the ρ T (0) value is the main goal of this study. To perform such an evaluation we need to construct the accurate wave functions of the triplet S−states of the four-electron atoms and ions. In general, these wave functions are obtained as the solutions of the corresponding Schrödinger equation for the bound atomic state(s), i.e. HΨ = EΨ, where H is the Hamiltonian operator defined below (see Eq. (4)) and Ψ is the wave function and E(< 0) is the total energy of the bound atomic state. This problem is considered in detail in the next Section.
II. HAMILTONIAN AND BOUND STATE WAVE FUNCTIONS
In the lowest-order approximation upon the fine-structure constant α we can consider the non-relativistic Schrödinger equation. The non-relativistic Hamiltonian H of an arbitrary four-electron atomic system (i.e. atom, or ion) is written in the form [7] 
whereh is the reduced Planck constant, m e is the electron mass, e is the absolute value of the electric charge of the electron. Also, in this equation Qe and M A are the electric charge and mass of the nucleus (M n ≫ 1) expressed in e and m e , respectively. Below, we consider the beryllium atom with the infinitely heavy atomic nucleus, i.e. when M A = ∞, or
in Eq.(4). We also discuss a few isotopes of the Be-atom with the finite nuclear masses M A .
In Eq.(4) and everywhere below in this study the subscript 5 denotes the atomic nucleus, while subscripts 1, 2, 3 and 4 stand for electrons. Note that the four-electron Be atom has two independent series of bound states: singlet states and triplet states. The multiplicities of these states equal 2 · 0 + 1 = 1 (singlet) and 2 · 1 + 1 = 3 (triplet). Below, we consider only the triplet bound states in the Be atom(s) and Be-like ions.
To determine the bound state wave function of the Be atom in its 2 3 S−state we need to solve the corresponding Schrödinger equation for the bound state(s): HΨ = EΨ, where H is the Hamiltonian operator from Eq. (4), while E(< 0) is the total energy of the 2 3 S−state in the Be-atom. It is clear that the numerical value of E must be lower than the total energy of the ground 2 2 S−state of the three-electron Be + ion E ≈ -14.3247631764657 a.u.
(otherwise, the 2 3 S−state in the Be-atom will be unstable, i.e. unbound). Now, consider the explicit construction of the trial wave function Ψ. In general, the wave functions of the bound n 3 S-states in the Be atom are represented as the sum of products of the radial and spin functions. Each of these radial and/or spin functions depends upon spatial and spin coordinates of all four electrons. For the triplet states we can use only spin functions with S = 1 and S z = 1, where S is the total electron spin, i.e. S = s 1 + s 2 + s 3 + s 4 , of four-electrons and S z is its z−projection. Therefore, our spin function χ 11 (1, 2, 3, 4) is defined by the following equalities: S 2 χ 11 (1, 2, 3, 4) = 1(1 + 1)χ 11 (1, 2, 3, 4) = 2χ 11 (1, 2, 3, 4) and S z χ 11 (1, 2, 3, 4) = χ 11 (1, 2, 3, 4) . In general, there are two spin functions for each fourelectron atom/ion in the triplet state. Below, we chose such functions in the form χ 
where the notation {r ij } designates the ten relative coordinates (electron-nuclear and electron-electron coordinates) in the four-electron Be atom, while the notation A e means the complete four-electron antisymmetrizer. The explicit formula for the A e operator is (6) Hereê is the identity permutation, whileP ij is the permutation of the spin and spatial coordinates of the i−th and j−th identical particles. Analogously, the notationsP ijk and P ijkl stand for the consequtive permutations of the spin and spatial coordinates of the three and four identical particles (electrons). In real calculations one needs to know the explicit expressions for the spatial projectors only.
These spatial projectors can be obtained, e.g., by applying the A e operator to each component of the wave function in Eq. (5) . At the second step we need to determine the scalar product (or spin integral) of the result and incident spin function. After the integration over all spin variables one finds the corresponding spatial projector. For instance, in the case of the first term in Eq. (5) we obtain the following spatial projector for the ψ−components of the total wave function Analogous formulas have been found [11] for two other spatial projectors P ψφ = P φψ and P φφ . These formulas for the P ψφ = P φψ and P φφ spatial projectors are significantly more complicated and they are not presented here (they can be found, e.g., in [11] ). In actual bound state calculations we can always restrict ourselves to one spin function χ
11 (or one spin configuration) and use the formula, Eq.(7).
The functions ψ(A; {r ij }) and φ(B; {r ij }) in Eq.(2) are the radial parts (or components) of the total wave function Ψ. For the bound states in various five-body systems these functions are approximated with the use of the KT-variational expansion written in ten-dimensional gaussoids [12] . Each of the spatial basis function in the KT expansion depends upon ten relative coordinates r ij only [12] . Here and everywhere below the notation r ij =| r i −r j |= r ji means the (ij)−relative coordinate, i.e. the scalar distance between the particles i and j (r i are the corresponding Cartesian coordinates of the i-th particle). For instance, for the ψ(A; {r ij }) function we have
where N A is the total number of basis function used in radial expansion, C k are the linear variational coefficients and P = P ψψ is the spatial projector defined by Eq.
(7). The notations
A (or notations A and B in Eq. (5)) stands for the corresponding set of the non-linear parameters {a It is clear that few-body logic does not work well for actual atoms/ions with multi-shell electronic structure. This situation must be corrected in the future.
III. HYPERFINE STRUCTURE SPLITTING
Let us evaluate the hyperfine structure splitting for the triplet 2 3 S−state of the 9 Be atom.
In our calculations we shall apply the numerical value of the electron density ρ T (0) at the atomic nucleus determined with the use of the formula
where C is a normalization constant. Numerical computations of the overlap integrals between spin-functions included in Eq. (9) is significantly more complicated than for threeelectron atomic systems. Indeed, the total number of terms in the left-hand side wave function of the Eq.(9) equals 24 and each of these terms must be multiplied by four (number of the electron-nucleus delta-functions). This means that we have 96 terms which contribute to the numerical value of the triplet electron density at the central atomic nucleus ρ T (0).
Formally, it is difficult to present here all details of analytical computations of the electron density ρ T (0). However, we can illustrate such computations by considering the two terms which can be found in Eq. (9) . First, consider the term in Eq.(9) which contains the permutation operatorP 13 (see, Eq.(7). Action of this operator on the spin function χ
11 = αβαα − βααα produces the function αβαα − ααβα. On the other hand, the explicit expression in the right-hand side of Eq.(9) takes the form
where Ψ is the spatal part of the total wave function. The following integration over spin variables leads to the formula for the matrix elements
which contains only integrals over spatial variables. Analogously, the term which include theP 12P34 permutation operator produces the result
which leads to the following formula
The explicit integration over electron spin variables of all other terms in Eq. (9) 
for the 2 3 S−state in the 9 Be atom, where f N = −1.177432 and I N = 
IV. CONCLUSION
We have developed the new ab-initio method which can be used to determine the hyperfine structure splitting of the bound triplet bound S−states of four-electron atoms and ions.
Our method is based on the explicit derivation of the analytical formula for the operator Note also that there are a few steps in our procedure which must be improved in the future computations. First, we need to improve the current accuracy of our wave functions.
This means the better numerical accuracy of the wave functions constructed from the multidimensional (or ten-dimensional) gaussoids. It would be nice to use other basis sets of spatial functions in such calculations, since this can drastically improve the overall accuracy of the whole procedure. Second, in our current computations the second spin function χ
11 = 2ααβα − βααα − αβαα is not used. Very likely, this also reduces our overall accuracy even further. Nevertheless, this study indicates clearly that direct computation of the hyperfine structure splitting of the bound triplet n 3 S−states of the four-electron atoms and ions are possible, since the corresponding analytical expression for the triplet electron density at the atomic nucleus has been derived. In the future our procedure will be modified to include two (or more) spin functions.
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